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Introduction
A polyhedron in the Euclidean n-space (E n , ρ) is a continuous mapping f : K → E n of an (n − 1)-dimensional simplicial complex K into E n which is linear on each simplex. However, we will refer to the image P = f (K) of K under such a mapping as to a polyhedron too. A polyhedron f : K → E n is a polyhedral sphere in E n if the body of the complex K is homeomorphic to the (n − 1)-dimensional sphere.
We say that a polyhedron has no self intersections if the mapping f is injective. In general, we consider polyhedra with self intersections.
A polyhedron P = f (K) is called flexible if there exists a family of polyhedra P t = (f t , K), depending analytically on the parameter t, 0 ≤ t ≤ 1, such that 1) P = P 0 ; 2) for every two 0-dimensional simplices (= 0-simplices) v j and v k of the complex K which belong to a 1-simplex of K, the equality ρ(f (v j ), f (v k )) = ρ(f t (v j ), f t (v k )) holds for all 0 ≤ t ≤ 1;
3) there exist two 0-simplices v l and v m of the complex K which do not belong to any 1-simplex of K and for which the expression ρ(f t (v l ), f t (v m )) is not constant with respect to t.
A family possessing properties 1)-3) is called a non trivial flex of the polyhedron P .
In other words, a polyhedron is called flexible if its spatial form may be changed analytically with respect to the parameter (see condition 3)) while its intrinsic metrics remains unchanged (see condition 2)). However, the requirement that the family depends on the parameter analytically can be significantly weakened (see [6] ), but this fact plays no crucial role in this paper.
We use the symbol S n to denote both an n-dimensional sphere in E n+1 and the n-dimensional spherical space, i. e., an open hemisphere of the unit n-dimensional sphere in E n+1 . We denote by X n any n-dimensional space of constant curvature, i.e., either the n-dimensional Euclidean, Lobachevskij, or spherical space.
A polyhedron in X n is a continuous mapping f : K → X n of an (n − 1)-dimensional simplicial complex K into X n which can be represented as the composition f = g • h of two mappings such that g : E n → X n is a geodesic mapping and h : K → E n is a polyhedron in E n . The above definition of a flexible polyhedron in E n is carried to polyhedra in (X n , ρ) literally. In the last 25 years the following two striking results were obtained in the theory of flexible polyhedra. In 1977 R. Connelly has constructed the first example of a flexible polyhedral sphere in E 3 with no self intersections [4] . In 1996 I. Kh. Sabitov has proven that, for every flexible polyhedron (even with self intersections) in E 3 , the (oriented) volume of the domain bounded by this polyhedron remains constant during the flex [9] . The last statement is known as the "Bellows conjecture". Another proof of the "Bellows conjecture" is given in [5] ; see also the subsequent publications [10] and [11] .
Some attempts were made at proving or disproving the "Bellows conjecture" in the spherical 3-space [2] and in many-dimensional Euclidean spaces [12] . In [2] , an example is given of a flexible polyhedral sphere in S 3 . In the talk [12] , A. Walz proposed an example of a flexible polyhedral sphere in E 4 . In the general case it was not known whether there exist flexible polyhedra in X n , n ≥, if X n differs from E 3 . Using the construction of the article [1] , one can easily prove that, for each n ≥ 3, there exists a flexible polyhedron (with self intersections) in E n . Unfortunately, this construction does not allow us to build a flexible polyhedral sphere (for example, the body of the complex corresponding to the so-constructed polyhedron in E 3 is homeomorphic to a solid torus). In the present article we construct flexible polyhedral spheres f : K → X n in the Euclidean, Lobachevskij, and spherical spaces X n for all n ≥ 3. The complex K is isomorphic to the abstract simplicial complex K n−1 formed by the natural vertices, edges, and faces (of all reasonable dimensions) of the boundary of the standard cross-polytope in E n . The standard cross-polytope in E n is the convex hull of 2n points e 1 , e −1 , e 2 , e −2 , . . . , e n , e −n , where the point e k ⊂ E n is defined as follows: its jth Cartesian coordinate equals zero if j = |k|, and equals sign k if j = |k|.
Obviously, the standard cross-polytope in E 2 is a square and the standard cross-polytope in E 3 is a regular octahedron.
The flexible Bricard octahedron of the first type
The construction of the flexible Bricard octahedron of the first type is needed for the sequel (see [3] and [8] ). We recall the construction, paying attention to the details to be generalized in the next section. Our presentation is close to that of [7] . If p and q are points in E 3 then we denote by pq (depending on the context) either the straight line through p and q or the straight line segment with the end points p and q or the length of this segment.
Let p 1 p 2 p 3 p 4 be a spatial quadrangle in E 3 . Denote by q 1 the middle point of the straight line segment p 1 p 3 and denote by q 2 the middle point of p 2 p 4 . The points are referred to as the middle points of diagonals of the spatial quadrangle
If q 1 = q 2 then denote by α the straight line q 1 q 2 . If q 1 = q 2 then, obviously, the spatial quadrangle p 1 p 2 p 3 p 4 does really lie in a plane λ. In this case, we denote by α the straight line that passes through the point q 1 = q 2 and is orthogonal to λ.
Proof. If q 1 = q 2 then p 1 p 2 p 3 p 4 lies in λ and is a parallelogram. In this case, α is perpendicular to λ and passes through the middle point of each diagonal of p 1 p 2 p 3 p 4 . Obviously, the rotation of E 3 around α through the angle π takes p 1 p 2 p 3 p 4 onto itself. This completes the proof in the case q 1 = q 2 .
If q 1 = q 2 then the congruence of the triangles p 1 p 2 p 3 and p 1 p 3 p 4 implies the congruence of the segments q 1 p 2 and q 1 p 4 . Therefore q 1 p 2 p 4 is an equilateral triangle. Hence its median q 1 q 2 is also its altitude. Thus the straight line p 2 p 4 is perpendicular to α and the rotation around α through the angle π takes p 2 p 4 onto itself; moreover, p 1 and p 3 interchange their positions.
Similarly, p 1 p 3 too is perpendicular to α and the rotation around α through the angle π interchange p 2 p 4 . This completes the proof.
Consider a spatial quadrangle Q = p 1 p 2 p 3 p 4 in E 3 with pairwise equal opposite sides: Let a point r 1 ∈ E 3 belong to neither α nor Q. Consider a polyhedron C consisting of the 4 triangles r 1 p 1 p 2 , r 1 p 2 p 3 , r 1 p 3 p 4 and r 1 p 4 p 1 .
The polyhedron C has boundary and is flexible. To see that it is flexible, consider a sphere S 2 centered at r 1 which has a so small radius that none of the points p 1 , p 2 , p 3 , p 4 lies inside S 2 . Hence C ∩ S 2 is a spherical quadrangle and is flexible since every spherical quadrangle is flexible. Clearly, a non trivial flex of C ∩ S 2 gives rise to a non trivial flex of C. Denote by C(t) a non trivial flex of C such that C = C(0). The boundary ∂C(t) of C(t) is a spatial quadrangle with parewise equal opposite sides. Furthermore, for each t close enough to 0, the middle points of the diagonals of ∂C(t) do not coincide. It follows from Lemma 1 that the rotation τ of E 3 around α(t) though the angle π takes the quadrangle ∂C(t) onto itself. Here α(t) stands for the straight line through the middle points of the diagonals of ∂C(t).
The polyhedron C(t) ∪ τ (C(t)) is called the Bricard octahedron of the first type. Its construction implies directly that it is flexible.
Main results
Two k-dimensional faces (= k-faces) of the standard cross-polytope in E n are said to be opposite if they are mutually symmetric with respect to the origin, k = 0, 1, . . . , n − 1.
We say that a polyhedron f : K n−1 → X m has equal opposite 1-faces if there exists an isomorphism ι of the boundary of the standard cross-polytope in E n onto K n−1 such that for every pair of opposite 1-faces σ and σ ′ of the standard cross-polytope the 1-faces f (ι(σ)) and f (ι(σ ′ )) of f have equal lengths in X m . Let u and v be opposite 0-faces of f : K n−1 → X m . Then the straight line segment uv is called a principal diagonal of this polyhedron.
A polyhedron f : K n−1 → X m is said to be a polyhedron in general position if ther n points that are the middle points of its principal diagonals do not lie in any (n − 2)-dimensional plane.
Clearly, if f : K n−1 → X m is a polyhedron in general position then m ≥ n and there is a unique (n − 1)-dimensional plane that contains all the n middle points of the principal diagonals. Denote this plane by α.
Lemma 2. Let f : K n−1 → X n+1 be a polyhedron in general position having equal opposite 1-faces. Then the rotation of X n+1 around the (n−1)-dimensional plane α ⊂ X n+1 through the angle π takes f (K n−1 ) onto itself. Proof. Let u and v be opposite 0-faces of f : K n−1 → X n+1 and let w be the middle point of the principal diagonal uv.
Similarly, let u ′ and v ′ be some other opposite 0-faces of f :
and let w ′ be the middle point of the principal diagonal u ′ v ′ . Denote by V 0 the set of all 0-faces of f : K n−1 → X n+1 . Partition the set V 0 \ {u ′ , v ′ } into two subsets V + and V − in so that neither V + nor V − contains a pair of opposite 0-faces of f : K n−1 → X n+1 . Join every two points of the set V + ∪ {u ′ , v ′ } by a straight line segment, interpreting the result as a tetrahedron in X n+1 . Similarly, interpret the set V − ∪ {u ′ , v ′ } as a tetrahedron in X n+1 . These tetrahedra are congruent since their 1-faces are pairwise equal. Indeed, u ′ v ′ is their common 1-face. Any other 1-face of V + ∪ {u ′ , v ′ } is a non principal diagonal of f . By assumption, for such a 1-face there exists an opposite 1-face of f of the same length which is a 1-face of
under an appropriate motion of X n+1 which takes every 0-face of f other than u ′ and v ′ onto the opposite 0-face of f . Since u and v are opposite 0-faces and w ′ is the middle point of the common edge u ′ v ′ of these tetrahedra, it follows that the segments uw ′ and vw ′ have equal lengths. Therefore the triangle uvw ′ is equilateral. This implies that its median ww ′ is also its altitude. Hence the straight line uv is perpendicular to the straight line ww ′ . Thus uv is perpendicular to every straight line through middle points of principal diagonals of f .
This implies that each straight line passing through two opposite 0-faces of f is perpendicular to the plane containing all straight lines through middle points of principal diagonals of f . Consequently each straight line passing through two opposite 0-faces of f is perpendicular to α. Therefore the rotation around α though the angle π takes such a straight line onto itself.
On the other hand, the middle point of each principal diagonal is a fixed point of this rotation. Hence this rotation takes each 0-face of f into the opposite 0-face.
This proves that the rotation of X n+1 around the (n − 1)-dimensional plane α ⊂ X n+1 through the angle π takes f (K n−1 ) onto itself. Lemma 2 is proven. Our main result is the following. Theorem. A flexible polyhedral sphere does exist in every n-space of constant curvature X n for every n ≥ 3. Proof. For each n ≥ 3, the proof consists in constructing a flexible polyhedron f : K n−1 → X n which has equal opposite 1-faces and for which there exists an imbedding g : K n−2 → K n−1 with the following properties:
(i) the polyhedron f •g : K n−2 → X n (called the equator of f ) is a polyhedron in general position;
(ii) the rotation of X n through the angle π around the (n − 2)-dimensional plane α ⊂ X n passing through the middle points of the principal diagonals of f • g : K n−2 → X n takes f (K n−1 ) onto itself. We proceed by induction on n. Before turning to the case of dimension n+1, we prove that a flexible polyhedron with the properties (i) and (ii) does exist in each n-dimensional space of constant curvature X n . Consider the case n = 3. Fix a point O in X 3 and consider a sphere S 2 centered at O (if X 3 is the spherical space, the radius of this sphere S 2 , as well as the diameter of each figure we construct below, must be small enough in comparison with the diameter of the space).
In the sphere S 2 , construct a non convex quadrangle P with a self intersection which has parewise equal opposite sides. Obviously, P is flexible in S 2 and the middle points of its principal diagonals are all distinct.
In X 3 , consider a quadrangle Q such that (a) the 0-faces of Q coincide with the 0-faces of P ⊂ S 2 ⊂ X 3 ; (b) two 0-faces of Q are joint by a 1-face in X 3 if and only if they are joint by a 1-face of P in S 2 . Clearly, Q has equal opposite sides. Denote by C the cone over Q in X 3 with vertex O, i.e. the polyhedron consisting of the points of all straight line segments joining O to the points of Q. Clearly, Q is the boundary of C.
It is trivial that C is flexible. Denote a non trivial flex of C by C(t), 0 ≤ t ≤ 1, C(0) = C. From the above construction it follows that the boundary of C(t) is some quadrangle Q(t) which is obtained from Q by a (non trivial) flex and, in consequence, has equal opposite sides. Moreover, Q(t) is a polyhedron in general position for all t sufficiently close to zero since Q is a polyhedron in general position. By Lemma 2, the rotation τ of X 3 around the axis α(t) ⊂ X 3 through the middle points of the (principle) diagonals of Q(t) though the angle π takes Q(t) onto itself. Put R(t) = C(t) ∪ τ (C(t)) by definition. It is readily seen that R(t) is a realization of the simplicial complex K 2 ; R(t) has mutually equal opposite sides; the equator Q(t) of R(t) is a polyhedron in general position for all t sufficiently close to zero; the rotation τ of X 3 around the line α(t) ⊂ X 3 through the middle points of the (principle) diagonals of Q(t) though the angle π takes R(t) onto itself.
We have thus constructed a flexible polyhedron with the properties (i) and (ii) in each 3-space of constant curvature X 3 . Suppose that the existence of such a polyhedron is established in each nspace X n of constant curvature. Prove that such a polyhedron does exist in each X n+1 . Fix a point O in X n+1 and consider a sphere
is the spherical space, the radius of this sphere S n , as well as the diameter of each figure we construct below, must be small enough in comparison with the diameter of the space).
In the sphere S n construct a flexible polyhedron P : K n−1 → S n with the properties (i) (ii).
Consider an (n − 1)-dimensional polyhedron Q in X n+1 such that (A) the 0-faces of Q coincide with the 0-faces of P ⊂ S n ⊂ X n+1 ; (B) for each 1 ≤ k ≤ n − 2, k + 1 0-faces v j1 , . . . , v j k+1 of Q belong to a k-face of Q if and only if they belong to a k-face of P .
Obviously, Q has equal opposite 1-faces. Moreover, Q is a polyhedron in general position, since in the converse case P also is not a polyhedron in general position. In addition, the point O does not belong to the (n − 2)-plane α which passes through the middle points of the principal diagonals of Q: otherwise all middle points of the principal diagonals of P lie in the (n − 3)-plane of the space S n which is the intersection of α ⊂ X n+1 and S n . The latter statement contradicts the assumption that P is a polyhedron in general position.
Denote by C the cone over Q in X n+1 with vertex O, i.e. the polyhedron consisting of the points of all straight line segments joining O to the points of Q. Evidently, Q is the boundary of C.
It is trivial that C is flexible. Denote a non trivial flex of C by C(t), 0 ≤ t ≤ 1, C(0) = C. From the above construction it follows that the boundary of C(t) is some polyhedron Q(t) which is obtained from Q by a (non trivial) flex and, in consequence, has equal opposite 1-faces. Moreover, Q(t) is a polyhedron in general position for all t sufficiently close to zero since Q is a polyhedron in general position. By Lemma 2, the rotation τ of X n+1 around the plane α(t) ⊂ X n+1 passing through the middle points of the principle diagonals of Q(t) though the angle π takes Q(t) onto itself.
Put R(t) = C(t) ∪ τ (C(t)) by definition. It is readily seen that R(t) is a realization of the simplicial complex K n ; R(t) has mutually equal opposite 1-faces; the equator Q(t) of R(t) is a polyhedron in general position for all t sufficiently close to zero; the rotation τ takes R(t) onto itself.
Thus we have constructed a flexible polyhedron with the properties (i) and (ii) in each space X n+1 . This completes the proof.
Conclusions and open problems
Let us use the following "naive" point of view to demonstrate that the main result of this article is not trivial. A polyhedron f : K n−1 → X n has 2n 0-faces and may be described by assigning particular values to coordinates of these vertices, i.e. by choosing values of 2n 2 variables. The isometry group of X n has dimension n(n + 1)/2. Thus, excluding rigid motions, we may assume that the shape of f : K n−1 → X n depends on 2n 2 − n(n + 1)/2 = n(3n − 1)/2 variables. On the other hand, we are interested in polyhedra which are isomertic (in the intrinsic metrics) to the initial polyhedron f : K n−1 → X n . This implies that coordinates of their 0-faces satisfy some equations (in the case of Euclidean space these equations are nothing but quadratic equations) which fix the edge lengths of the 1-faces of the polyhedra. The number of these equations is equal to the number of 1-simplicies of the complex K n−1 that is 2n(n − 1).
Hence, from the "naive" point of view, our Theorem asserts that some system of 2n(n − 1) non linear equations in n(3n − 1)/2 variables has a non trivial continuous family of solutions. Trivially, the number of equations of this system ( = 2n(n − 1)) is greater than the number of variables ( = n(3n − 1)/2) for all n > 3. The system under study is overconstrained and its "measure of overconstraintedness" increases as n goes to infinity. Nevertheless, our Theorem states that, under an appropriate chose of the initial polyhedron, this system has a continuous family of non trivial solutions.
In this connection it seems interesting to study if there exist flexible polyhedra in infinite-dimensional (Euclidean) spaces.
Among other open problems in this field, let us mention the following ones: 1) Does there exist a classification of flexible polyhedra f : K n−1 → X n for n ≥ 3 which is similar to the Bricard classification of flexible octahedra in E 3 (see [3] and [8] )? Here K n−1 stands as usual for a simplicial complex which is isomorphic to the boundary of the standard cross-polytope in E n . 2) Does there exists a flexible polyhedral surface without self-intersections in X n for n ≥ 4?
